Abstract. In this work we present and discuss a modelling framework for the basic discharge process which occurs in simple electrochemical battery cells. The main purpose is to provide a setting for analyzing delivered capacity, battery life expectancy and other measures of performance. This includes a number of deterministic and stochastic variations of kinetic battery models. The primary tool is a novel phase plane analysis of the balance of nominal and theoretical capacity. In particular, we study spatial versions of such models which lead to a linear diffusion equation with Robin type boundary conditions under scaling. Explicit solutions are obtained by considering reflected Brownian motion.
Introduction
This work concerns mathematical modeling of the state of charge and the voltage level dynamics in simple battery cells under discharge. The purpose is to provide an efficient framework for predicting battery life, delivered capacity and other measures of performance, which takes into account that batteries are commonly subject to considerable variation in performance. Such variations occur not only because of variable usage patterns or variable disload mechanisms of the electrochemically stored energy, but also as a result of recovery mechanisms in the electrolyte. The type of battery we have in mind primarily is a non-rechargeable and non-costly unit expected to last several years, such as a 3 Volts lithiumion coin battery to be deployed in large numbers for low-energy applications in communication networks, sensor networks, etc.
A battery is made of one or several electrochemical cells. The modeling discussed here relies on the simplified view that a cell essentially consists of an anode-cathode pair of electrodes connected by electrolyte, which may be liquid as in lead-acid batteries or solid as in Li-ion batteries. In the cell, stored chemical energy is converted into electrical energy through an oxidation reaction at the anode. By Faraday's first law the mass of active material altered at an electrode is directly proportional to the quantity of electrical charge which is transfered at the electrode in the battery reaction. The Nernst equation in electrochemistry then states that the logarithm of electric charge determines the terminal voltage that exists between the pair of electrode terminals. It is the terminal voltage that measures the ability of the battery to drive electric current.
The terminal voltage for a battery in a state of rest is typically larger in magnitude than the terminal voltage under discharging due to effects of internal resistance. Batteries for digital applications would often be expected to deliver power spikes, either periodically in time or at random time points. Such pulsed discharge patterns may have a different effect on terminal voltage to continuous discharge loads of constant current.
The theoretical capacity of the battery is a measure of the maximal charge which in principle could be obtained were the battery discharged arbitrarily slowly, allowing the chemical reaction to equilibriate over time restricted only by the total amount of active material contained in the cell. The nominal capacity of a battery is typically a manufacturers specification of the amount of electric charge which is delivered if the cell is put under constant load and drained of its energy over a certain time interval. Normally the discharge process occurs on some intermediate time scale that allows for recovery mechanisms to take place. This may slow down the decrease of the state of charge or even cause the state of charge to increase. A further mechanism known to affect the performance of a battery and which we will take into account is the balance between migration and solid state diffusion. The battery stops functioning if the terminal voltage passes below a minimal acceptable level or if the battery runs out of theoretical capacity.
In addition to introducing new modeling variations our study provides a survey of a number of battery models discussed in the literature. While the simplest kinetic battery model introduced by Manwell and McGowan, [6, 7] , is essential for our approach as a reference and background, we also consider the spatial extension of this model, [10] . We do not discuss, however, another modeling approach based on discrete Markov chains, see e.g. [1] .
We summarize the novel contributions in this work as follows. Based on an approach focusing on the interplay between remaining nominal capacity and remaining theoretical capacity during discharge evolution we perform what appears to be a novel phase plane analysis of battery capacities. This allows us to obtain battery life, gained capacity and delivered capacity as functions of the basic model parameters and in some cases to optimize performance over such parameters. The setting begins with the two-well kinetic battery ODE model of constant current discharge but includes general situations such as regular pulsed discharge or stochastic pointwise discharge. The unified approach to general workload patterns and comparison of these appears to be new. We also propose a new kinetic-diffusive battery model designed to describe the balance between migration and drift diffusion. Finally, we extend the modeling approach and generality of the models to a version where the bound charge is supposed to be distributed over a spatial reservoir.
